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Quantum chromodynamics is a fundamental non-abelian gauge theory of strong interactions. The physical
quantum chromodynamics vacuum state, |θ〉, is a linear superposition of the n-vacua states with different topo-
logical numbers. Because of the configuration of the gauge fields, the tunneling events can induce the local
parity-odd domains. Those interactions that occur in these domains can be affected by these effects. Consider-
ing the hadron (nucleon) system, we introduce the parity-odd parton distribution functions in order to describe
the parity-odd structures inside the hadron in this paper. We obtain 8 parity-odd parton distribution functions at
leading twist for spin-1/2 hadrons and present properties of these parton distribution functions. By introducing
the parity-odd quark-quark correlator, we find the parity-odd effects vanish from the macroscopic point of view.
Since the parity-odd effects are confined in small domains, we consider the high energy semi-inclusive deeply
inelastic scattering process to investigate these effects by calculating the single spin asymmetries.
PACS numbers:
I. INTRODUCTION
Quantum chromodynamics (QCD) is a fundamental non-abelian gauge theory of strong interactions whose Lagrangian deals
with quarks, gauge fields (gluons) and their interactions. QCD has two outstanding features, asymptotic freedom and quark
confinement. Thanks to the asymptotic freedom, many high energy reactions can be calculated in the form of factorization
theorems [1], which separate the cross sections into calculable hard parts and non-perturbative soft parts. The soft parts are
often factorized as parton distribution functions (PDFs) and fragmentation functions (FFs) according to the specific reaction pro-
cesses. When three dimensional, i.e., the transverse momentum dependent (TMD) PDFs and FFs are considered, the sensitive
quantities studied in experiments are different azimuthal asymmetries. In this paper, we only consider PDFs. These (TMD)PDFs
are defined via the quark-quark correlator which satisfies the constraints imposed by hermiticity, time reversal and parity con-
servation. However, the parity conservation can be violated locally by the parity-odd tunneling events induced by the non-trivial
configurations of the gauge fields in the local parity-odd domains.
It is known that the true physical QCD vacuum state, |θ〉, is a linear superposition of the n-vacua states with different topolog-
ical numbers [2–4]. The vacuum to vacuum transition amplitude is just determined by the topological charge (density) which
is equal to the θ-term,
θg2
32π2
εµναβGµνGαβ. It is obvious that θ-term is parity violated and charge-parity violated. By applying the
path integral formation, one finds the θ-term can be added to the QCD Lagrangian [5–7] and results in the strong CP problem
[8, 9] and the axial vector current anomaly, Adler-Bell-Jackiw anomaly [10]. Though QCD is parity violated, the measure-
ments of electric dipole moment of neutron indicate that the parity violation is local [11]. Therefore the perturbative QCD still
respects to the global parity conservation constraint. It has been proposed that the parity-odd effects induced by the random
fluctuations in the parity-odd domains could be observed via multi-particle correlations, handedness correlation and azimuthal
asymmetries [12–15]. Beyond that, in non-central heavy ion collisions the chiral magnetic effect indicates that tunneling event
can yield charge-separation when parity-odd domain interacts with the very large magnetic field [16, 17]. Even in neutron the
θ-term can generate charge-separation which gives rise to the neutron electric dipole moment (nEDM) [18]. In order to detect
the parity-odd effects, we need very high energy scattering experiments since tunneling events are confined in small parity-odd
domains.
For high energy reactions, e.g., deeply inelastic scattering (DIS), we use PDFs to describe the hadron structures. When
tunneling events induced by non-trivial configurations of the gauge fields are taken into consideration, parity-odd PDFs can
emerge. In this paper, we introduce the parity-odd PDFs in order to describe the parity-odd structures inside the hadron. We
obtain 8 parity-odd PDFs at leading twist for spin-1/2 hadrons by decomposing the quark-quark correlator. We also present
positivity bounds of these one dimensional PDFs. These parity-odd PDFs are different from the parity-even PDFs which are
process independent. For the parity-odd PDFs, they are induced from the fluctuations of the tunnelling events and strongly
dependent on the interaction processes. The parity-odd effects can be reduced completely when the quark interacts with all
the fluctuation bubbles along the moving path, because fluctuations are completely random and the equivalent effect of all the
interactions can be averaged to zero. However, in high energy reactions the quark can fly away from the hadron with non-
averaged parity-odd effects. Because relativistic time dilation can slow down the rate at which the quark interacts with the
fluctuation bubbles in the parity-odd domains. It is shown that the parity-odd effects can only be detect in very high energy
reactions. To illustrate this, we calculate the single spin asymmetries (SSA) in semi-inclusive DIS (SIDIS) process. We find
SSA are modified by the parity-odd PDFs.
Recently, we have presented our discussions of parity-odd FFs [19]. As an extension, we focus our attentions on the PDFs
2in this paper. Following a brief introduction to the non-trivial θ-vacuum which induces parity-odd PDFs in Sect. II, we present
the decomposition of the quark-quark correlator at leading twist in Sect. III. We obtain 8 parity-odd PDFs at leading twist for
spin-1/2 hadrons. In Sect. IV we present the positivity bounds of these parity-odd PDFs and introduce the operator definition of
the parity-odd correlator. In Sect. V, we present the calculations of the SSA in SIDIS process. Finally, a brief summary is given
in Sect VI.
II. THE θ-TERM IN QCD LAGRANGIAN
The axial vector current is not conserved in QCD, it can obtain the quantum corrections from the triangle diagrams [10]. The
divergence of the axial vector current is given by
∂µ j
µ5 =
g2
32π2
εαβµνGαβGµν, (1)
where g is the strong interaction coupling constant. Gαβ is the full field strength tensor of the gauge field. The pseudoscalar term
can be written as a total divergence
εαβµνGαβGµν = 2∂µK
µ, (2)
with Kµ = εµαβγAaα
[
Gaβγ −
g
3
f abcAbβA
c
γ
]
. Using the boundary condition Aµ = 0 at spatial infinity, one finds that the axial vector
current satisfies the following equation,
∫
d4x∂ jµ5 =
g2
16π2
∫
d4x∂µK
µ =
g2
16π2
∫
dσµK
µ = 0. (3)
However, this equation is not correct because the boundary condition is not being chosen correctly. ’t Hooft argued that Aµ
should be a pure gauge at spatial infinity [2].
It is known that under a gauge transformationΩ the gauge field transforms as
Aµ → ΩAµΩ
−1 +
i
g
(∂µΩ)Ω
−1. (4)
Putting Aµ = 0 into this equation yield the vacuum configuration of pure gauge,
A
pure
µ =
i
g
(∂µΩ)Ω
−1. (5)
In the temporal gauge A0 = 0, one can classify these vacuum configuration by requiringΩ going to unity as r → ∞,
Ω→ ei2πn, r → ∞, n = 0,±1,±2, · · · . (6)
This suggests that the surface integral over the current Kµ in Eq. (3) does not vanish. The integer n which is known as winding
number is determined by an integral over the pure gauge fields,
n =
g2
16π2
∫
d3rK0n , K
0
n = −
g
3
fi jkεabcA
ia
n A
jb
n A
kc
n . (7)
A transition occurs from a configuration with n− at t = −∞ to one with n+ at t = +∞ can be expressed by,
ν = n+ − n− =
g2
16π2
∫
dσµK
µ
∣∣∣∣t=+∞
t=−∞
=
g2
16π2
∫
d4xG˜µνGµν, (8)
where ν is the difference of the winding numbers, G˜µν = 1
2
εαβµνGαβ. It is known the true vacuum is a linear superposition of the
n-vacua, |θ〉 =
∑
n e
−inθ|n〉, with θ being a real number. A transition between two vacua at t = −∞ and t = +∞,
〈θ(+∞)|θ(−∞)〉 =
∑
ν
eiνθ
∑
n
〈(n + ν)(+∞)|n(−∞)〉, (9)
3can be expressed through the path integral formation:
〈θ(+∞)|θ(−∞)〉 =
∑
ν
∫
δAeiS e f f [A]δ
(
ν −
g2
16π2
∫
d4xG˜µνGµν
)
, (10)
where
g2θ
16π2
G˜µνGµν has been added to the customary QCD Lagrangian:
L = −
1
4
(Gµν)
2 + ψ¯(i /D − m)ψ +
θg2
16π2
G˜µνGµν. (11)
The covariant derivative Dµ = ∂µ − igAµ. By utilizing Eq. (1) with j
µ5 = ψ¯γµγ5ψ, the Lagrangian can be rewritten as:
L = −
1
4
(Gµν)
2 + ψ¯(i/∂ − m)ψ + ψ¯γµ(gAµ − θ˜µγ
5)ψ, (12)
where θ˜µ = ∂µθ. Here we assume that θ = θ(x) is non-zero. Since θ is a pseudoscalar field, θ˜ can be taken as a pseudovector.
θ˜ is different from the vector field potential, Aµ, it plays a role of the potential coupling to the axial vector current which is
determined by the topological charge (density) Q (∂µ j
µ5 = Q).
It is can be seen that the θ-term in the QCD Lagrangian is parity violated (G˜µνGµν = −4~B · ~E). It can form domains in
which interactions are affected by the θ-vacuum tunneling events. A study shows that the θ-term can generates an effective
repulsion between quarks and antiquarks in these parity-odd domains [18]. As a consequence, the repulsion gives rise to the
EDM. Considering the quark distributions, the θ-vacuum tunneling events can also give rise to the parity-odd PDFs. In the
following context we introduce these parity-odd PDFs for spin-1/2 hadrons and shown some properties of them.
III. PARTON DISTRIBUTION FUNCTIONS
In the quantum field theory, the PDFs are defined via the quark-quark correlator which is given by
Φˆ(k, p, S ) =
1
2π
∫
d4ξeikξ〈N, S |ψ¯(0)L(0, ξ)ψ(ξ)|N, S 〉, (13)
where k denotes the quark momentum, p and S are the momentum and spin of the hadron. L(0, ξ) is the gauge link which keeps
the correlation function gauge invariant. However, the appearance of gauge links has no influence on the following discussions.
Therefore, we just omit it for simplicity in the following context. The correlator Φˆ(k, p, S ) defined in Eq. (13) depends on the
quark 4-momentum k. We know that the TMD PDFs are defined via the three dimensional quark-quark correlator. To obtain
this, we first introduce the light-cone unit vectors n = (0, 1, ~0T), n¯ = (1, 0, ~0T ) which satisfy n · n¯ = 1, n
2 = n¯2 = 0. We choose
the hadron’s momentum as the z-direction. In this case, the momentum of the hadron and the quark can be parametrized as
pµ = p+n¯µ +
M2
2p+
nµ, (14)
kµ = k+n¯µ +
k2 + ~k2
T
2k+
nµ + k
µ
T
, (15)
where k+ = xp+. By integrating over k− =
k2+~k2
T
2k+
in the light-cone coordinates, we can obtain the TMD correlator which is given
by
Φˆ(kT , p, S ) =
1
2π
∫
dξ−d2ξT e
ixp+ξ−−i~kT~ξT 〈N, S |ψ¯(0, 0, ~0T)ψ(0, ξ
−, ~ξT )|N, S 〉. (16)
We note that the correlator Φˆ(kT , p, S ) is a 4 × 4 matrix in Dirac space depending on the hadron state and can be decomposed in
terms of the Dirac matrices, i.e., Γ = {I, iγ5, γα, γαγ5, iσαβγ5}, and the corresponding coefficient functions:
Φˆ = IΦ + iγ5Φ˜ + γαΦα + γ
αγ5Φ˜α + iσ
αβγ5Φαβ. (17)
where we have omitted the argument (kT , p, S ). The coefficient functions can be calculated by taking the trace, Φ
[Γ] = 1
4
Tr
[
ΦˆΓ
]
,
where Φ[Γ] denotes Φ, Φ˜,Φα, Φ˜α and Φαβ specified by Γ. We can further expand these coefficient functions according to their
Lorentz transformation properties in terms of the basic Lorentz covariants constructed from basic variables at hand. The coeffi-
4cient functions are expressed as the sum of the basic Lorentz covariants multiplied by scalar functions which are known as the
TMD PDFs. For the spin-0 hadron, only k, p can be used to construct the Lorentz covariants. For the spin-1/2 hadron, in addition
to k, p the polarization vector,
S µ = λh
p+
M
n¯µ − λh
M
2p+
nµ + S
µ
T
, (18)
can also be used to construct the covariants. λh is the helicity of the hadron. In this paper we only consider the spin-1/2 hadrons
for simplicity. However, the same discussion can be extended to higher spin hadrons. As a consequence of parity constraint, at
leading twist the coefficient functions decomposed from the quark-quark correlator can be expanded as
Φα(x, kT ) = n¯α
[
f1(x, kT ) +
εTkS
M
f⊥1T (x, kT )
]
, (19)
Φ˜α(x, kT ) = n¯α
[
λhg1L(x, kT ) +
kT · S T
M
g⊥1T (x, kT )
]
, (20)
Φρα(x, kT ) = n¯α
[εTkρ
M
h⊥1 (x, kT ) + S Tρh1T (x, kT ) +
kTρ
M
h⊥1S (x, kT )
]
. (21)
Here we defined the shorthanded notation h⊥
1S
= λhh
⊥
1L
+
kT ·S T
M
h⊥
1T
. In Eqs. (19)-(21), we use f , g and h to denote the unpolarized,
longitudinal polarized and transversely polarized quark distribution functions in hadrons. Subscript 1 stands for the leading twist
and L, T specify the polarizations of the hadron. Superscript ⊥ indicates that these PDFs are all dependent on the transverse
momentum of the quark. By integrating over kT , we can obtain the one dimensional PDFs, f1(x), g1L(x) and h1T (x).
If the parity constraint is released, the parity-odd PDFs which are induced by the non-trivial θ-vacuum tunneling events can
emerge. In this case, we can obtain the parity-odd PDFs by decomposing the coefficient functions,
ΦPα(x, kT ) = n¯α
[
u1(x, kT ) +
εTkS
M
u⊥1T (x, kT )
]
, (22)
Φ˜Pα(x, kT ) = n¯α
[
λhv1L(x, kT ) +
kT · S T
M
v⊥1T (x, kT )
]
, (23)
ΦPρα(x, kT ) = n¯α
[εTkρ
M
w⊥1 (x, kT ) + S Tρw1T (x, kT ) +
kTρ
M
w⊥1S (x, kT )
]
. (24)
where superscript P is used to represent the parity-odd quantities, w⊥
1S
= λhw
⊥
1L
+
kT ·S T
M
w⊥
1T
. u, v and w are used to denote the
parity-odd unpolarized, longitudinal polarized and transversely polarized quark distribution functions in hadrons. They have a
one-to-one correspondence to parity-even PDFs, f , g and h. Hence they can be discussed simultaneously. The one dimensional
parity-odd PDFs are similar to the parity-even ones, they are u1(x), v1L(x) and w1T (x). We note here we only present the main
steps of the decomposition of the quark-quark correlator for simplicity, the complete procedures of the decomposition can be
found in ref. [20] (In this reference, only FFs are obtained. However, PDFs can be obtained with the same way.).
To obtain the parity-odd PDFs by decomposing the quark-quark correlator is not a novel result. One can obtain the parity-odd
PDFs with the same method used in ref. [14, 15]. As a consequence, one would obtain the non-uniform results, e.g., D⊥
1T
corresponds to G⊥
1T
while G⊥
1T
corresponds to D⊥
1T
[15]. To avoid this inconsistency, we follow the definitions used in ref. [19]
to obtain the unified forms. That is, being extensions of the parity-even PDFs, we require that the parity-odd PDFs have the very
same forms to the parity-even PDFs in this paper. The cost of these definitions is that parity-odd factors should be introduced
in the decomposition of the quark-quark correlator in order to keep the cross section parity-even, e.g., a γ5 factor should be
introduced in Eq. (22).
It is known that the leading-twist one dimensional parity-even PDFs have an interpretation as probability densities. For the
parity-odd PDFs, they do not have the probabilistic interpretations, they are only reflections of the parity violated effects of low
energy QCD. In fact the parity-odd PDFs are not merely extensions of the parity-even ones, they have deeper interpretations.
We will discuss this in the following context. For the higher twist parity-even and parity-odd PDFs, they can also be obtained by
decomposing the quark-quark and quark-j-gluon-quark correlators. We do not repeat the decompositions in this paper.
IV. PROPERTIES OF PARTON DISTRIBUTION FUNCTIONS
By using the optical theorem, the leading twist PDFs can be expressed in terms of quark-hadron forward amplitudes,AΛλ,Λ′λ′ ,
where λ, λ′(Λ,Λ′) are the helicities of the incoming and outgoing quark (hadron) in the u-channel process. By using the time-
5a b
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FIG. 1: The parity-even (a) and parity-odd (b) vertices.
reversal, helicity conservation and parity constraints, only three independent amplitudes survival,
A++,++, A+−,+−, A++,−−. (25)
It is worthwhile to note that the parity constraint used to eliminate the correlated amplitudes puts no constraint on the parity-odd
amplitudes (vertices). As mentioned before, the parity violation in QCD is local and these parity-odd amplitudes are localized in
small domains. By averaging over all the parity-odd fluctuations, all of these parity violated effects can be reduced completely
at the macroscopic level. In other words, the parity-odd quantities contribute nothing to global quantities when average over all
the contributions.
To describe the forward amplitudes, we define the parity-even and parity-odd quark-hadron vertices aΛλ and a
P
Λλ, see Fig. (1).
Thus, we can express the amplitudes in terms of the quark-hadron vertices,
A++,++ ∼
∑
X
(
a∗++ + a
P∗
++
)(
a++ + a
P
++
)
=
∑
X
[
2a∗++a++ + 2Re(a
P∗
++a++)
]
, (26)
A+−,+− ∼
∑
X
(
a∗+− + a
P∗
+−
)(
a+− + a
P
+−
)
=
∑
X
[
2a∗+−a+− + 2Re(a
P∗
+−a+−)
]
, (27)
A++,−− ∼
∑
X
(
a∗−− + a
P∗
−−
)(
a++ + a
P
++
)
=
∑
X
[
2a∗−−a++ + 2Re(a
P∗
−−a++)
]
. (28)
We can see that these first terms on the right hand side of the second equalities in Eq. (26)-(28) respectively are corresponding
to the parity-even PDFs while the others correspond to the parity-odd ones. To obtain these relations, we have used a∗
ΛλaΛ′λ′ =
aP∗
Λλ
aP
Λ′λ′
. For the parity-odd amplitudes, we haveAΛλ,Λ′λ′ ∼ 2Re(a
P∗
Λ′λ′
aΛλ). By using the optical theorem to relate the amplitudes
to the three leading-twist one dimensional PDFs, we can obtain
f1 + u1 ∼ Im(A++,++ +A+−,+−) ∼
∑
X
2
[
a∗++a++ + a
∗
+−a+−
]
+
∑
X
2Re
[
aP∗++a++ + a
P∗
+−a+−
]
, (29)
g1L + v1L ∼ Im(A++,++ − A+−,+−) ∼
∑
X
2
[
a∗++a++ − a
∗
+−a+−
]
+
∑
X
2Re
[
aP∗++a++ − a
P∗
+−a+−
]
, (30)
h1T + w1T ∼ ImA++,−− ∼
∑
X
[
2a∗−−a++ + 2Re(a
P∗
−−a++)
]
. (31)
According to Eqs. (29)-(31), we can write down the following inequalities immediately (parity-odd and parity-even PDFs are
separately considered.),
f1(x) ≥ |g1L(x)|, f1(z) ≥ |h1T (x)|, (32)
u1(x) ≥ |v1L(x)|, u1(z) ≥ |w1T (x)|. (33)
Considering the inequality relation,
∑
X |a++ ± a−−|
2 ≥ 0, and using the parity invariance constraint, we can obtain the Soffer’s
inequality [21–23]. By replacing the parity-even vertex with the parity-odd vertex, we find that the Soffer’s inequality also
applies to the parity-odd PDFs:
f1(x) + g1L(x) ≥ 2|h1T (x)|, u1(x) + v1L(x) ≥ 2|w1T (x)|. (34)
To obtain the positivity bounds of the parity-odd PDFs, we repeat the procedures in ref. [21, 22]. According to these
discussions, it can be seen that the inequalities of the parity-odd PDFs are straightforward extensions of the parity-even ones.
This indicates the parity-odd and parity-even correlators should have similar forms. This is helpful for introducing the operator
definition of the parity-odd correlator. Furthermore, one may also have noticed that we take the parity-odd quantities as the
counterparts of the parity-even ones in our discussion. This is one of the reasons that we take the parity-odd PDFs obtained in
6Eqs. (21)-(24) as extensions of the parity-even PDFs too. This is not the end of the story. We will see in the following context
the parity-odd PDFs are not merely extensions of the parity-even ones but the corollaries of the decomposition of the parity-odd
correlator.
In the previous section, we did not introduce the definition of the parity-odd quark-quark correlator. Now we present the
definition here. In the previous discussions, we find it is convenient to separate the parity-odd quantities from the parity-even
ones. One may argue that it is unnecessary to introduce the parity-odd correlator since correlator Eq. (13) contains both the
parity-even and parity-odd components. For us, we think it is necessary. This separation can not only help us to illustrate
the properties of the parity-odd PDFs but also benefit the future studies, e.g., model calculations. In this case, we divide the
correlator into two parts, one is the parity-even and the other is parity-odd.
Φˆ(k, p, S )→ Φˆ′(k, p, S ) = Φˆ(k, p, S ) + ΦˆP(k, p, S ). (35)
For the TMD correlator and one dimensional correlator, we have the similar equations. To be explicit, we rewrite the correlator
in the following form. For the parity-even correlator,
Φˆ(k, p, S ) = (2π)3δ4(k + pX − p)
∑
X
〈N, S |ψ¯(0)|X〉〈X|ψ(0)|N, S 〉. (36)
The δ-function indicates momenta are conserved at the vertex when sum over all the intermediate states |X〉.
As shown in ref. [19], we introduce the parity-odd correlator according to the following arguments. First of all we know the
vertex in weak theory is given by ψ¯γµ(c
f
V
± c
f
A
γ5)ψ where c
f
V
, c
f
A
are the coupling constants. In the current theory, the vector
current and the axial vector current are defined as jµ = ψ¯γµψ, jµ5 = ψ¯γµγ5ψ. Based on these facts we can introduce the parity-
odd correlator immediately by the replacement, ψ → γ5ψ. This replacement indicates the parity-odd and parity-even correlators
have similar forms and hence the parity-odd PDFs can be seen as the extensions of the parity-even ones. Since there is a factor
γ5 introduced in the correlator, the decomposition of the correlator with Dirac matrices must also have a γ5. This corresponds to
the statement in the second paragraph below Eq. (24) and emphasizes the importance of introducing the definition of parity-odd
correlator.
The operator definition of the parity-odd quark-quark correlator is given by
ΦˆP(k, p, S ) = (2π)3δ4(k + pX − p)
∑
X
(
〈N, S |ψ¯(0)γ5|X〉〈X|ψ(0)|N, S 〉
+〈N, S |ψ¯(0)|X〉〈X|γ5ψ(0)|N, S 〉
)
, (37)
We note here this definition may not be the unique definition of the parity-odd correlator. However, it seems that it is an
economical one. Under this circumstance, the one dimensional leading twist PDFs can be defined via
ΦˆP[Γ](x) = δ+
(
p+X − (1 − x)p
+)∑
X
(
〈N, S |Tr
[
ψ¯(0)γ5|X〉Γ〈X|ψ(0)
]
|N, S 〉
+〈N, S |Tr
[
ψ¯(0)|X〉Γ〈X|γ5ψ(0)
]
|N, S 〉
)
, (38)
where Γ = γ+, γ+γ5, iσi+γ5. Summing over all the intermediate states (p+
X
− (1 − x)p+ = 0), we have
ΦˆP[Γ](x) = δ+
(
p+X − (1 − x)p
+)∑
X
(
〈N, S |Tr
[
ψ¯(0)γ5Γψ(0)
]
|N, S 〉
+〈N, S |Tr
[
ψ¯(0)Γγ5ψ(0)
]
|N, S 〉
)
= 0, (39)
with Tr
[
ψ¯(0)γ5Γψ(0)
]
+ Tr
[
ψ¯(0)Γγ5ψ(0)
]
= 0. Equation (39) indicates that the parity-odd PDFs vanish when sum over all the
intermediate states. For a chiral-odd PDF, e.g., h1T , it must company with another chiral-odd PDF or FF to contribute to the
cross section. It can be shown chiral-odd PDFs do not have contributions from macroscopic view by applying the same method
used in ref. [19]. Let us explain this. From the quantum field theory point of view, Eqs. (36) and (37) can be interpreted as the
fact that a set of multi-particle states of stable hadrons are generated from the vacuum inside a hadron N. For the parity-even
PDFs, quark distributions stand for the transitions form hadron state |N, S 〉 to the multi-particle states |X〉. These transitions are
not affected by the non-trivial θ-vacuum and can be factorized as invariant quantities by applying the factorization theorem [1].
These PDFs are process independent. For the parity-odd PDFs, they are induced from the fluctuation of the tunnelling events
and strongly dependent on the intermediate states. Let us assume a low energy quark interacts with the fluctuation bubbles when
goes through the parity-odd domains. Under this assumption, we envision that the parity-odd effects can be reduced completely
when the quark interacts with all the fluctuation bubbles along the moving path, because the fluctuations are completely random
7and the equivalent effect of all the interactions can be averaged to zero. This corresponds to the sum over all the intermediate
states in deriving Eq. (39). However, in high energy reactions the quark can fly away from the hadron with non-averaged parity-
odd effects. Because relativistic time dilation can slow down the rate at which the quark interacts with the fluctuation bubbles
in the parity-odd domains. Under this circumstance, the dominant contribution to the parity-odd effect corresponds to the least
and lightest intermediate state(s). From ref. [24] we know |X〉 = |Nπ〉 for nucleon. Therefore, to detect the parity-odd events in
reactions we need higher and higher energy facilities. The Electron-Ion Collider could be a good candidate [25].
Though parity-odd PDFs and FFs are both induced by the tunneling events in parity-odd domains, they have some differences.
Parity-odd FFs only survive on the event-by-event basis since the sum of all the hadrons in the final states can completely reduce
the non-trivial θ-vacuum tunneling effects by averaging all the fluctuation events. However, PDFs are limited in hadrons. The
parity-odd effects are reduced completely from the averaging over all the interactions between the interacting quark and the
fluctuation bubbles along the path insider the hadron. As a result, the parity-odd FFs can be detect at moderate energy regions
on the event-by-event basis while parity-odd PDFs only can be detect at very high energy regions.
V. SINGLE SPIN ASYMMETRIES
In the previous section, we mentioned that the parity-odd effects can be detect in the high energy reactions. To illustrate this,
we consider the high energy SIDIS process in this section , e−(l) + N(p) → e−(l′) + jet(k′) + X(pX). l, l
′ are the momenta of
incoming and outgoing electrons while p, k′ are the momenta of the target hadron and produced jet. X(pX) denotes undetected
final states (momenta). The differential cross section of the SIDIS can be written as the product of the leptonic tensor and the
hadronic tensor,
dσ =
α2eme
2
q
sQ4
Lµν(l, l′)Wµν(q, p, S , k
′)
d3l′d3k′
(2π)32El′Ek′
, (40)
where αem is the fine structure constant, eq is the quark electric charge, s = 2l · p, Q
2 = −q2. A summation of flavors is
understood. The leptonic tensor is given by
Lµν(l, l′) = 2
(
lµl′ν + lνl′µ − gµνl · l′
)
+ 2iλeε
µναβlαl
′
β, (41)
where λe is the helicity of the electron. The hadronic tensor is defined as
Wµν(q, p, S , k
′) =
1
2π
(2π)4δ4(q + p − k′ − pX)
∑
X
〈N, S | jµ(0)|k
′, X〉〈k′, X| jν(0)|N, S 〉, (42)
where we do not distinguish the parity-odd and parity-even components and jµ(0) denotes the electromagnetic current. Usually
it is convenient to consider the integrated hadronic tensor Wµν(q, p, S , k
′
T
) which is defined as
Wµν(q, p, S , k
′
T ) =
∫
dk′z
(2π)32Ek′
Wµν(q, p, S , k
′). (43)
Therefore the integrated differential cross section can be rewritten as
El′dσ
d3l′d2k′
T
=
α2eme
2
q
sQ4
Lµν(l, l′)Wµν(q, p, S , k
′). (44)
Since the higher twist contributions are suppressed by 1/Q, in this paper we only consider the leading twist contributions. It
has been shown, after collinear expansion, the hadronic tensor can be written as [26, 27]
Wµν(q, p, S , k
′
T ) =
1
2
Tr
[
hˆµνΦˆ
′(x, kT )
]
, (45)
where hˆµν = γµ/nγν, Φˆ
′(x, kT ) is the complete TMD correlator including both the parity-odd and parity-even correlators. Substi-
tuting the decompositions of these correlators Eqs. (19)-(24) into Eq. (45), we can obtain the leading twist hadronic tensor,
Wµν(q, p, S , k
′
T ) = − 2gTµν
 f1(x, kT ) + ε
kS
T
M
f⊥1T (x, kT ) + λhv1L(x, kT ) +
kT · S T
M
v⊥1T (x, kT )

8− 2iεTµν
u1(x, kT ) + ε
kS
T
M
u⊥1T (x, kT ) + λhg1L(x, kT ) +
kT · S T
M
g⊥1T (x, kT )
 , (46)
where gTµν = gµν − n¯µnν − n¯νnµ, εTµν = εαβµνn¯
αnβ. It is can be easily checked that the hadronic tensor satisfies the current
conservation qµWµν = q
νWµν = 0.
By carrying out the contraction of the leptonic tensor and the hadronic tensor, the differential cross section can be written as
El′dσ
d3l′d2k′
T
=
4α2em
sQ4y2
[
A(y) f1 − C(y)λeu1 + A(y)λhv1L −C(y)λeλhg1L
− |S T |kT M
(
A(y) f⊥1T −C(y)λeu
⊥
1T
)
sin(φ − φS )
− |S T |kT M
(
A(y)v⊥1T −C(y)λeg
⊥
1T
)
cos(φ − φS )
]
, (47)
where A(y) = 1 + (1 − y)2,C(y) = 2y − y2, y = p · q/p · l, kT M = |~kT |/M. φ, φS are azimuthal angles of the jet and hadron
spin with respect to the lepton-hadron plane, respectively. We can see that the SIDIS differential cross section is modified by
the parity-odd PDFs, e.g., the unpolarized contribution from f1 is modified by the parity-odd PDF u1. From Eq. (47) we can
calculate the following single spin asymmetries. For longitudinal polarized hadron, the SSA is defined as,
ALL =
dσ(e−
−→
N → e− jX) − dσ(e−
←−
N → e− jX)
dσ(e−
−→
N → e− jX) + dσ(e−
←−
N → e− jX)
, (48)
where subscript LL denotes the longitudinal polarized electron and hadron. j denotes jet. Substituting the differential cross
section Eq. (47) into this definition, we can obtain,
ALL =
A(y)v1L −C(y)λeg1L
A(y) f1 −C(y)λeu1
. (49)
We can see that longitudinal polarization is modified by parity-odd PDF v1L. Hereafter, one should know there are summations of
flavors in these asymmetries. Since we do not know the absolute value of the parity-odd PDF, we are not sure if the longitudinal
polarization asymmetry is enhanced or not. However, this can be verified by the measurement data in the future.
For the transverse polarized target, the SSA is defined as,
ALT =
dσ(e−N↑ → e− jX) − dσ(e−N↓ → e− jX)
dσ(e−N↑ → e− jX) + dσ(e−N↓ → e− jX)
. (50)
where subscript T denote transversely polarized hadron. For the unpolarized distribution of quarks in a transversely polarized
hadron, we have
AULT = −kT M
A(y) f⊥
1T
−C(y)λeu
⊥
1T
A(y) f1 −C(y)λeu1
sin(φ − φS ), (51)
where superscript U denotes unpolarized case. We see Eq. (51) corresponds to the famous Sivers effect because it results
from the Sivers function f⊥
1T
. The Sivers function is interpreted as the distribution of a unpolarized quark distribution inside a
transversely polarized hadron. Apart from the Sivers function, there is parity-odd PDF u⊥
1T
contributing to AU
T
. If u⊥
1T
has the
opposite sign to f⊥
1T
, AU
T
can be enhanced. We see that AU
T
is corresponding to the azimuthal asymmetry 〈sin(φ − φS )〉 which
can be measured in experiments to extract the corresponding PDFs. For the longitudinal polarization distribution of quarks in a
transversely polarized hadron, we have
ALLT = −kT M
A(y)v⊥
1T
−C(y)λeg
⊥
1T
A(y) f1 − C(y)λeu1
cos(φ − φS ), (52)
where superscript L denotes longitudinal polarized case. We see AL
T
also obtains parity-odd contribution (v⊥
1T
) except for parity-
even PDF g⊥
1T
which interpreted as a longitudinal polarization quark distribution inside a transversely polarized hadron. It can
be seen AL
T
corresponds to the azimuthal asymmetry 〈cos(φ − φS )〉.
From Eq. (47) we can see that the SIDIS cross section can be reduced to the DIS one by integrating over kT . Hence only
the one dimensional PDFs have contributions to the cross section. It is interesting to see that parity-odd PDF u1 even can be
9measured when the target is unpolarized. We define
ALU =
dσ(
−→
e−N → e− jX) − dσ(
←−
e−N → e− jX)
dσ(
−→
e−N → e− jX) + dσ(
←−
e−N → e− jX)
. (53)
Therefore,
ALU = −
C(y)
A(y)
u1(x)
f1(x)
. (54)
ALU can be measured with the polarized beam in high energy (SI)DIS. We can see that Eq. (54) is similar to the asymmetry
measured in parity violating DIS (PVDIS) [28],
APV =
C1q + RyC2q
e2q
f1(x)
f1(x)
, (55)
whereCiq, i = 1, 2, are coupling constants, Ry = C(y)/A(y). A summation of flavors is understood. In PVDIS, the parity violation
is global because it comes from weak interaction. Hence the parity-odd effects are embodied in coupling constants when f1 is
parity-even. For ALU , the parity-odd effects come from the parity-odd PDF u1 rather than the coupling constants.
From Eqs.(49) and (51)-(52), we see that SSA have alternative origins except parity-even PDFs. This would make it difficult
to extract the parity-even PDFs from experiments measurement in high energy reactions, but it does give us a effective way to
measure the parity-odd PDFs. For u1, it can be extracted by measuring ALU .
VI. SUMMARY
The true physical QCD vacuum state, |θ〉, is a linear superposition of the n vacua states with different topological numbers.
The vacuum to vacuum transition amplitude is determined by the topological charge (density) which is equal to the θ-term. The
θ-term in the QCD Lagrangian is parity violated. Because of the configuration of the gauge fields, the tunneling events can induce
the local parity-odd domains. Those interactions that occur in these domains can be affected by the tunneling events. In this
paper, we consider the hadron (nucleon) system and introduce the parity-odd PDFs in order to describe the parity-odd structures
inside the hadron. In our discussion we find it is convenient and important to introduce the parity-odd quark-quark correlator.
By decomposing the parity-odd quark-quark correlator, we obtain 8 parity-odd PDFs at leading twist for spin-1/2 hadrons. They
have a one-to-one correspondence to parity-even PDFs. We also find that the parity-odd PDFs induced from fluctuations of the
tunnelling effects are strongly dependent on the intermediate states. The quark can interact with the fluctuation bubbles when go
through the parity-odd domains. As a result, the parity-odd effects can be reduced completely if the quark interacts with all the
fluctuation bubbles along the path, because the fluctuations are completely random and the equivalent effect of all the interactions
can be averaged to zero. However, in high energy reactions the quark can fly away from the hadron with non-averaged parity-odd
effects because of the relativistic time dilation. Therefore, only very high energy experiment facilities can generate the detectable
parity-odd effects. So we also calculate the SIDIS process to give the measurable quantities of parity violation. All of the SSA
considered in this paper have alternative origins except for parity-even PDFs. Though this would make it difficult to extract the
parity-even PDFs from experiments measurement in high energy reactions, it does provide us a effective way to measure the
parity-odd PDFs. We also emphasize that u1 can be directly extracted by measuring ALU .
To summarize this paper, we propose a hypothesis that the small nEDM is due to the averaging over the tunneling events
giving rise to the electric charge separation. As argued in ref. [18], during the tunneling process, the θ-term can generate an
effective repulsion between matter and antimatter. Supposing each of these tunneling events can form a EDM ~di, we can see that
the averaging over all of the EDMs can be zero
∑
i
~di = 0 because the directions of these EDMs are completely random without
external fields. In other words, intermediate states |pπ〉 can induce the EDM between pion and proton in each parity-odd domain
in neutron. However, these processes are also random without external fields and does vanish when sum over all of them. Since
we only have limited knowledge about the hadron structure, we have no idea if this hypothesis is correct or not. But it provides
us a very clear picture about the EDM image.
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